The unusual magnetoelectric effects observed in the multiferroic phase arising below TN =6.7K in Ba2CoGe2O7 (BCG) are related to the spontaneous toroidal moment existing in this compound. The transition to the multiferroic state, which involves spontaneous magnetization, polarization and toroidal moment gives rise to spontaneous toroidic effects. These effects produce specific contributions to the spontaneous polarization and magnetization under applied magnetic or electric fields which provide indirect indications of the existence and role of the toroidal moment in multiferroic materials. The toroidic contribution to the electric polarization in BCG is shown to result from single-ion effects.
The unusual magnetoelectric effects observed in the multiferroic phase arising below TN =6.7K in Ba2CoGe2O7 (BCG) are related to the spontaneous toroidal moment existing in this compound. The transition to the multiferroic state, which involves spontaneous magnetization, polarization and toroidal moment gives rise to spontaneous toroidic effects. These effects produce specific contributions to the spontaneous polarization and magnetization under applied magnetic or electric fields which provide indirect indications of the existence and role of the toroidal moment in multiferroic materials. The toroidic contribution to the electric polarization in BCG is shown to result from single-ion effects. The resurgence of interest in multiferroic materials has prompted discussion of the relevance of the concept of magnetic toroidal moment for clarifying the macroscopic and microscopic properties of these systems.
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The existence of a macroscopic moment asymmetric under both time reversal and space inversion long remained elusive 4, 5 until the observation of the independent coexistence of ferrotoroidic and antiferromagnetic domains in LiCoPO 4 .
6 This result provides a motivation for investigating toroidic effects in the ferroelectric phases of magnetic multiferroic materials, in which the spaceasymmetric electric polarization is induced by a timeasymmetric and space-asymmetric magnetic order. In absence of well defined physical properties showing direct experimental evidences of a toroidal moment in magnetic systems, one of the important issues is to find a material in which specific magnetoelectric effects 7 would reflect indirectly the influence of the toroidic moment. Here we analyze theoretically the magnetoelectric effects disclosed in the multiferroic phase of Ba 2 CoGe 2 O 7 (BCG) 8, 9 and show that due to its specific magnetic symmetry, which allows existence of spontaneous magnetization, polarization and toroidal moment as well as linear and non linear magnetoelectric effects, the existence of a spontaneous toroidal moment gives rise to spontaneous and field-induced toroidic effects. At the microscopic level the toroidic contribution to the electric polarization is shown to result from single-ion effects.
The P42 1 m1 ′ paramagnetic space group of BCG 10 has at the centre of the tetragonal Brillouin-zone ( k=0) five irreducible representations (IRs) denoted τ 1 − τ 5 .
11 The one-dimensional IR's τ 1 − τ 4 induce non-polar magnetic symmetries P42 1 m, P42 1 m ′ , P4 ′ 2 1 m and P4 ′ 2 1 m ′ , and are not associated with the transition to the ferroelectric phase observed in BCG below T N =6.7K. The 2-dimensional IR τ 5 spanned by the order-parameter components η 1 = ρcos(θ) and η 2 = ρsin(θ) is associated with the Landau expansion:
Minimizing F yields 3 possible magnetically ordered phases below the paramagnetic phase:
1) Phase I corresponds to ρ e = ± α0(TN −T ) β1+β2 . It has the orthorhombic magnetic space groups P 2
, which form energetically equivalent domains of the same equilibrium phase. 2) Phase II has the magnetic symmetry Cm ′ a2 ′ with
The phase involves a variety of spontaneous physical properties and domains represented in Fig. 1 . Denoting s 1 and s 2 the magnetic spins associated with the Co 2+ ions located at (0,0,0) and (0.5,0.5,0) positions, 10 the phase displays four weak ferromagnetic/antiferromagnetic domains with a spontaneous unit cell magnetization M = s 1 + s 2 along the m ′ -plane and unit cell antiferromagnetic vector L = s 1 − s 2 along the a-plane. The polar symmetry of the phase also gives rise to two ferroelectric (±P z ) -ferroelastic (±e xy ) domains, and four toroidic domains corresponding to the spontaneous toroidal moment T =ν( M × P ), collinear to L, whereν is a third rank tensor. 3) Phase III of symmetry P 2 ′ is stabilized for θ = n π 4
and requires an eighth-degree expansion of F , involving 8 weak-ferromagnetic/antiferromagnetic domains and 2 ferroelectric-ferroelastic domains. The theoretical phase diagram containing the preceding phases is shown in Fig. 2 . Phases II and III allow a spontaneous polarization along z, as observed experimentally in BCG 8, 9 . However, only phase II can be reached directly from the paramagnetic phase whereas a transition to phase III goes across phases I or II, or displays a first-order character. The temperature dependence of the polarization varies continuously at T N , and the configuration of the spin moments 9 is consistent with the four domains of phase II. Therefore, phase II can unambiguously be identified as the ferroelectric phase arising below T N . In this phase F can be written in function of 
where ε 0 zz is the dielectric permittivity in the paramagnetic phase, and a i , b i , c and δ i are phenomenological coefficients. The equilibrium polarization below T N reads:
The two first terms into brackets express the respective contributions of the antiferromagnetic and weak-ferromagnetic order-parameters to the polarization, whereas the third term reflects their coupling contribution. Since L and M vary below T N as ∼ (T N − T ) for T < T N , in agreement with the reported upward discontinuity at T N .
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The δ 3 -term in Eq. (2) reflects the invariance of the mixed vector product ( M × L) · P under the symmetry operations of the paramagnetic phase. Analogously, the existence of the (T x M y − T y M x )P z invariant involving the toroidal moment components (T x , T y ), expresses the invariance of the mixed vector products ( T × M ) · P and ( T × P ) · M which yield the following relationships between the spontaneous components:
and
whereμ andλ are third rank tensors. Applying electric or magnetic fields the existence of a spontaneous toroidal moment T s gives:
where the third-rank tensorsσ H andσ E precede additional polarization and magnetization components induced by the coupling of the total toroidal moment T to non-collinear H or E fields.κ E andκ E are the electrotoroidal and magnetotoroidal tensors. Theσ EH -term represents the induced toroidal contribution under noncollinear electric and magnetic fields. One should emphasize that the toroidal contributions to P and M in Eqs. (6) and (7), which are activated by a single external field non-collinear to T , differ from the "ferromagnetotoroidic" and "ferroelectrotoroidic" effects 12 implying the application of two distinct non-collinear fields. Although these contributions represent higher-order effects they can be differentiated from the non-linear magnetoelectric contributions. For example, the non-linear H 2 contribution to P is observable above and below the transition while the T × H contribution is observable only below. More generally, the symmetries of the third-rank tensorsσ H andσ E are different from the symmetries of the non-linear magnetic and electric susceptibilities, and the critical behaviour at constant fields of the corresponding tensor components is also different.
Eq.(6-to- (8)) provide an interpretation of the remarkable magnetoelectric effects reported in BCG. 8, 9 Applying H z field gives rise to a polarization component P x increasing from 0 to 120µCm −2 for 0 < H z < 8T . In the orthorhombic setting, which is turned by 45
• with respect to the tetragonal axes (Fig. 1) , one gets from Eq. (6):
Consistent with the linear increase observed for P x (H z ) with increasing field 8 and with its sign reversal on reversing H z . 9 The sharp increase of P x (T ) below T N at constant field, 8 denotes a substantial toroidal contribution σ 
−2 in 8T is given by:
The shift of P z (H z ) to higher temperature under applied field 8 is due to the renormalization of the coefficient a 1 ≈ (T − T N ) in Eq. (2), which increases T N by T N (H z ) − T N (0) ≈ χ 33 H 2 z . In order to account for the even dependence of H z observed for P z (H z ), one has to consider a higher order contribution, e.g. ≃ H 2 z , to P z (H z ).
Other magnetoelectric effects have been reported 9 under application of H xy and Hx y fields. P z increases by increasing H xy and decreases when increasing Hx y .
9 Projecting Eq. (6) along z, one gets:
Turning the H xy field by 90
• transforms a ferroelectric domain into another, changing the sign of P z .
9 As for P z (H z ), a shifting of the transition temperature is observed under H xy field, 9 P z (T ) decreasing smoothly down to T N =12K for H xy =5T , with a (T N − T ) These effects occur at low magnetic fields. At higher fields P x (H xy ) decreases and changes sign. 9 This behaviour, assumed to correspond to a spin-structural change, 9 requires including the higher-order invariant ( components decomposes into Γ = τ 1 + τ 2 + 2τ 5 , i.e. two order-parameter copies, denoted (η 1 , η 2 ) and (ζ 1 , ζ 2 ), are involved in the transition mechanism. Standard projector techniques 13 give:
It shows that the two order-parameter copies coincide with the ferromagnetic and antiferromagnetic vectors. On the other hand, projections of Γ on τ 1 and τ 2 lead to s 
Eq. (14) holds for a pair of antiferromagnetic domains (e.g. η
